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Abstract. The field of dynamic neural networks is expansive. It has applications
in such disparate areas as control systems, prediction in financial markets,
channel equalization in communication systems, phase detection in power
systems, sorting, fault detection, speech recognition, and even the prediction of
protein structure in genetics. Within these various application areas, a great
number of dynamic neural network architectures have been proposed. These
dynamic networks are often trained using gradient-based optimization
algorithms. In this paper we will attempt to present a unified view of the training
of dynamic networks. We will begin with a very general framework for
representing dynamic networks and will demonstrate how gradient-based
algorithms can be efficiently developed using this framework.

1 Introduction

Dynamic networks are networks that contain delays (or integrators, for continuous-time
networks). These dynamic networks can have purely feedforward connections, or they
can also have some feedback (recurrent) connections. Dynamic networks have
memory. Their response at any given time will depend not only on the current input,
but on the history of the input sequence.

Because dynamic networks have memory, they can be trained to learn sequential or
time-varying patterns. This has applications in such diverse areas as control of dynamic
systems [1], prediction in financial markets[2], channel equalization in communication
systems [3], phase detection in power systems [4], sorting [5], fault detection [6],
speech recognition [7], learning of grammars in natural languages [8], and even the
prediction of protein structure in genetics [9].

Dynamic networks can be trained using standard gradient-based or Jacobian-based
optimization methods. However, the gradients and Jacobians that are required for these
methods cannot be computed using the standard backpropagation algorithm. In this
paper we will discuss a general dynamic network framework, in which dynamic
backpropagation algorithms can be efficiently developed.
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There are two general approaches (with many variations) to gradient and Jacobian
calculations in dynamic networks: backpropagation-through-time (BPTT) [10] and
real-time recurrent learning (RTRL) [11]. In the BPTT algorithm, the network response
is computed for all time points, and then the gradient is computed by slfming at the last
time point and working backwards in time. This algmtilhm is computationally efficient
for the gradient calculation, but it is difficult to implement on-line, because the
algorithm works backward in time from the last time step.

In the RTRL algorithm, the gradient can be computed at the same time as the
network response, since it is computed by starting at the first _time point, and then
working forward through time. RTRL requires more Fa]CU]allonS than BPTT for
calculating the gradient, but RTRL allows a convenient framework for on-line
implementation. For Jacobian calculations, the RTRL algorithm is generally more

efficient than the BPTT algorithm [12,13]. '
In order to more easily present general BPTT and RTRL algorithms, it wil] be

helpful to introduce modified notation for networks that can have recurrent
connections. In the next section we will introduce lh1§ notation and will develop a
general dynamic network framework. The following section will present procedures for
computing gradients for the general framework.

The RTRL and BPTT methods can be thought of as general concepts, rather than as
specific algorithms that can be implemented as general computer codes applicable to
arbitrary network architectures. The RTRL gradient algorithm has been discussed in a
number of previous papers [11, 14], but generally in the context of specific network
architectures. The BPTT gradient algorithm has been described as a basic concept in
[10], and a diagrammatic method for deriving the gradient algorithm for a certain class
of architectures has been provided in [15].

As a general rule, there have been two major approaches to using dynamic training.
The first approach has been to use the general RTRL or BPTT concepts to derive
algorithms for particular network architectures. The second approach has been to put a
given network architecture into a particular canonical form (e.g., [16-18]), and then to
use the dynamic training algorithm which has been previously designed for the
canonical form.

In this paper our approach will be to develop a very general framework in which to
conveniently represent a large class of dynamic networks, and then to derive the RTRL
and BPTT algorithms for the general framework. In this way, one computer code can

be used to train arbitrarily constructed network architectures, without requiring that
each architecture be first converted to a particular canonical form.

2 Development of a General Class of Dynamic Network

We will build up to our general notation by starting with a simple multilayer
perceptron network, as shown in Fig. 1. The equations of operation for this network

are

nm+1 it wm+]am i bm+l for m= 0’1’”-’M -1 (1)
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where n” is the net input at layer m, a™ is the output of layer m, and a® =p is the
input to the network. The overall network output is the output of the last layer, a* .

Inputs Layer 1 Layer 2 Layer3

a' =1 (Wp+b') 2’ = (Wa'+b) 2’ = (Wa'+b)

Fig. 1. Multilayer Perceptron

In the Multilayer Perceptron, each layer connects forward to the following layer, and
each layer consists of four components:

1. A weight matrix W™,

2. A bias vector b,

3. A summing junction, and
4. A transfer function f"( ).

We can generalize the Multilayer Perceptron by allowing layers to connect forward
to an arbitrary number of other layers. In addition, we can have multiple input vectors,
each one of which can be connected to any layer. We call the resulting class of
networks Layered Feedforward Neural Networks (LFNN). An example is shown in
Fig. 2. The equations of operation of an LFFN can be written as

n”(e)= D IW™'p!(1)+ S LW™a! (1)+ b" ©)
lel, leL]
a” =" (nm) @)

where 1,, is the set of indices of all inputs that connect to layer m, L7 is the set of
indices of all layers that connect forward to layer m., p’ is the I" input to the network,
IW™! is the input weight between input I and layer m, LW™ is the layer weight
between layer [ and layer m, and b” is the bias vector for layer m.

For the LFFN class of networks, we can have multiple weight matrices associated
with each layer - some coming from external inputs, and others coming from other

layers.
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Layer 3

Fig. 2. Example Layered Feedforward Network

So far, we have considered only static networks. The LFFN class of networks can be
further generalized to allow delays to be associated with each weight matrix. This leads
to Layered Digital Dynamic Networks (LDDN) [12]: the fundamental unit of this
framework is the layer (as with the multilayer perceptron); the networks are digital as
opposed to analog (or discrete-time as opposed to continuous-time); and we use the
term “dynamic” rather than “recurrent” because we want to include feedforward

networks that have memory.
An example of a dynamic network in the LDDN framework is shown in Fig. 3

Note that the key component that has been added to certain layers is the tapped dela
line (indicated by TDL in the figure). The equations of operation of an LDDN networi

are

()= SIwm (@' (-d)+ 3, Y LW (d'(t~d)+b" ®)

lel, deDl,, lely deDL,,,

a"(1)=1"(n" (1)) ©)

where D.L,,,,, is the set of all delays in the tapped delay line between Layer / and Layer
m, DI,,, is the set of all delays in the tapped delay line between Input / and Layer m !
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Fig. 3. Example Dynamic Network in the LDDN Framework

The LDDN framework is quite general. It is equivalent to the class of general
ordered networks discussed in [10] and [19]. It is also equivalent to the signal flow
graph class of networks used in [15] and [20]. However, we can increase the generality
of the LDDN further. In all of the classes of networks that we have presented so far, the
weight matrix multiplies the corresponding vector coming into the layer (from an
external input in the case of IW, and from another layer in the case of LW). This
means that a dot product is formed between each row of the weight matrix and the
input vector.

We can consider more general weight functions than simply the dot product. For
example, radial basis layers compute the distances between the input vector and the
rows of the weight matrix. We can allow weight functions with arbitrary (but
differentiable) operations between the weight matrix and the input vector. This enables
us to include higher-order networks as part of our framework.

Another generality we can introduce is for the ner input function. This is the function
that combines the results of the weight function operations with the bias vector. In all
of the networks that we have considered to this point, the net input function has been a
simple summation. We can allow arbitrary, differentiable net input functions to be
used.

The resulting network framework is the Generalized LDDN (GLDDN). A block
diagram for a simple GLDDN (without delays) is shown in Fig. 4. The equations of
operation for a GLDDN are

Weight Functions:
2" (1,d) = ih™ (W™ (@) p' (1)) ™

12 () - 1 oW (@) - ) i
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Net Input Functions:

)
“m(,):: o" il""l(l.dj Tals ,IZ”"I(I,d‘ et, ,bm
deDl,,, deDL,,,
Transfer Functions:
ﬂm(l)= f'" (llm(l)) (10)

2,1 5

G
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le Network with General Weight Functions and Net Input Functions

Fig. 4. Examp

3 Gradient Calculation for the GLDDN

The next step is to develop an algorithm for computing the gradient for the GLDDN
This can be done using the BPTT or the RTRL approaches. Because of limited space'
we will describe only the RTRL algorithm in this paper. (Both approaches arei

described for the LDDN framework in [12].)
To explain the gradient calculation for the GLDDN, we must create certain

definitions. We do that in the following paragraphs.

3.1 Preliminary Definitions

First, as we stated earlier, a layer consists of a set of weights, associated weight
functions, associated tapped delay lines, a net input function, and a transfer function
The network has inputs that are connected to special weights, called input weights The;
weights connecting one layer to another are called layer weights. In order to calc.u]ate
the network response in stages, layer by layer, we need to proceed in the proper layer

order, so that the necessary inputs at each layer will be available. This ordering of

layers is called the simulation order. In order to backpropagate the derivatives for the
gradient calculations, we must proceed in the opposite order, which is called the

backpropagation order.
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In order to simplify the description of the gradient calculation, some layers of the
GLDDN will be assigned as network outputs, and some will be assigned as network
inputs. A layer is an input layer if it has an input weight, or if it contains any delays
with any of its weight matrices. A layer is an output layer if its output will be compared
1o a target during training, or if it is connected to an input layer through a matrix that
has any delays associated with it.

For example, the LDDN shown in Fig. 3 has two output layers (1 and 3) and two
input layers (1 and 2). For this network the simulation order is 1-2-3, and the
backpropagation order is 3-2-1. As an aid in later derivations, we will define U as the
set of all output layer numbers and X as the set of all input layer numbers. For the
LDDN in Fig. 3, U={1,3} and X={1,2}.

3.2 Gradient Calculation

The objective of training is to optimize the network performance, quantified in the
performance index F(x), where x is a vector containing all of the weights and biases in
the network. In this paper we will consider gradient-based algorithms for optimizing
the performance (e.g., steepest descent, conjugate gradient, quasi-Newton, etc.). For the
RTRL approach, the gradient is computed using

oF(x) _ i '3 aa"(r)] o°F(x) an
ox t=1 uel| axT aa"(’) ;
where
da" (1) _ 6":1"(1)+ 353 b oa“(t) o°n*(r) 6a“(1-d) 12)
axT axT u'eUxeXdeDL, anx(,)T 6au' (’ —d)T axT :

The superscript e in these expressions indicates an explicit derivative, not accounting

for indirect effects through time.
Many of the terms in Eq. 12 will be zero and need not be included. To take

advantage of these efficiencies, we introduce the following definitions

EYy ()= et > 3w =0, (13)
E¥(w)=fre x >3 =0, 14)
where
xauf)_ 072"(1) @)
=

is the sensitivity matrix.
Using these definitions, we can rewrite Eq. 12 as
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Al e u acnx(l Sal' (¢ 16
20 2w, 3 50 ) alia) 09
ox ox xeEY (v) w'eEY, (x)deDL; oa" (1 ox

The sensitivity matrix can be computed usi‘ng static backpropagation, since it
describes derivatives through a static portion of the network. The static
backpropagation equation is

e ey, l,m s 17
\ 1%} nl({) olz (’) F’"(n"’(t)), uel : ( )

"3 0F oa ()

S"'m(l)= Z S"’,(l
leLr nEs(v)
where m is decremented from u through the backpropagation order, Lj is the set of

indices of layers that are directly connected backwards to lz_ayer m (or to which layer m
connects forward) and that contain no delays in the connection, and

Pf.(n) o) . o (n) 18)
on On on
AR AO A0
¥(n)=|"an, on, ons |-
o) osm) &fs(n)
| o oOn, ong |

There are four terms in Egs. 16 and 17 that need to be computed:

o°n*(r) ') 8912"(1,0) = oa"(r) (19)
oa" (—dy  o"(of = aam(t) P
The first term can be expanded as follows:

on*(r) __ o°n*(1) 812" (1,d) (20)
sa"(1—dY o1z (1,dY 6a"(e-d)

The first term on the right of Eq. 20 is the derivative of the net input function, which is
the identity matrix if the net input is the standard summation. The second term is the
derivative of the weight function, which is the corresponding weight matrix if the
weight function is the standard dot product. Therefore, the right side of Eq. 20 becomes
simply a weight matrix for LDDN networks.

The second term in Eq. 19 is the same as the first term on the right of Eq. 20. It is
the derivative of the net input function. The third term in Eq. 19 is the same as the
second term on the right of Eq. 20. It is the derivative of the weight function.

The final term that we need to compute is the last term in Eq. 19, which is the
explicit derivative of the network outputs with respect to the weights and biases in the
network. One element of that matrix can be written
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oat) _oatl) ) 0 (ud) €
oy (d) &5 onp'(t) Giz™ (t,d) Biw™ (d)

The first term in this summation is an element of the sensitivity matrix, which is
computed using Eq. 17. The second term is the derivative of the net input, and the third
term is the derivative of the weight function. (We have made the assumption here that
the net input function operates on each element individually.) Eq. 21 is the equation for
an input weight. Layer weights and biases would have similar equations.

This completes the RTRL algorithm for networks that can be represented in the
GLDDN framework. The main steps of the algorithm are Egs. 11 and 16, where the
components of Eq. 16 are computed using Egs. 20 and 21. Computer code can be
written from these equations, with modules for weight functions, net input functions
and transfer functions added as needed. Each module should define the function
response, as well as its derivative. The overall framework is independent of the
particular form of these modules.

4 Conclusions

There are generally two different approaches for writing software to train dynamic
networks. In the first approach, you use the general concepts of BPTT or RTRL to
derive the dynamic backpropagation equations for a specific network architecture; each
architecture has its own code. The second standard approach is to use some particular
canonical form for dynamic networks. Such canonical forms can represent arbitrary
dynamic networks. You can implement a dynamic backpropagation algorithm for the
canonical form, and then you can transform the specific architecture in question into
the canonical form in order to use the software.

In this paper we have taken a different approach. We have developed a framework
that encompasses a very general class of network architectures, and then we have
presented a set of equations that can be used to compute the gradients for any network
that fits within that framework. This makes it possible to write software that is
applicable to arbitrarily connected networks, without having to convert complex
architectures into a standard canonical form.

Dynamic networks have applications in a wide variety of areas, and such disparate
applications have lead to diverse network architectures. The ability to test new
architectures quickly, without having to write problem-specific code or to convert each
architecture into a canonical form, will enable the more rapid spread of dynamic neural
networks into new fields.
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